Recently, Kawarabayashi and Thorup [7] presented the first deterministic edge-connectivity recognition algorithm in near-linear time. A crucial step in their algorithm uses the existence of vertex subsets of a simple graph G on n vertices whose contractions leave a multigraph with O(n/δ) vertices andÕ(n) edges that preserves all non-trivial min-cuts of G.
Introduction
Edge-connectivity and the structure of (near-)minimum cuts of graphs have been studied intensively for the last 60 years and proved to have a wide range of applications. Many of the discovered structures like Gomory-Hu trees [3] , cactus representations [1] and the lattice of minimum s-t-cuts led to increasingly faster algorithms for recognizing, listing or counting various (near-)minimum cuts of graphs. These structures fall into the field of graph sparsifiers, which decrease the graph size while preserving certain connectivity properties.
In this paper, we demonstrate that a very simple contraction argument on cactus representations gives a sparsifier preserving non-trivial min-cuts that surpasses the best ones known.
Previous Work
Recently, Kawarabayashi and Thorup [7] presented the first deterministic min-cut algorithm with near-linear running time O(m log 12 n) for simple graphs. They showed that vertex sets of the input graph can be determined and contracted in near-linear time such that the remaining graph has onlyÕ(n/δ) vertices,Õ(n) edges and preserves all non-trivial min-cuts of the original graph. This contraction-based sparsification implies a min-cut algorithm in near-linear time, as the contractions leave a graph on which Gabow's algorithm [2] can be applied, which runs itself in timeÕ(λm). Subsequently, Henzinger, Rao and Wang [4] improved the running time of this min-cut algorithm to O(m log 2 n log log 2 n) by replacing its diffusion subroutine with a flow-based one; this algorithms relies also on contraction-based sparsification. Here, we focus on the question to which extent such contraction-based sparsifiers can be improved.
Our Results
We give an asymptotically optimal improvement of the bounds of the contraction-based sparsifier of Kawarabayashi and Thorup [7, Theorem 3] by eliminating its poly-logarithmic factors. Hence, every simple graph can be sparsified in near-linear time by contractions of vertex subsets such that O(n/δ) vertices and O(n) edges are left and every non-trivial min-cut is preserved.
For a graph G, let C(G) be the set of all min-cuts of G and let N C(G) be the set of all non-trivial min-cuts of G. We need to generalize cactus representations to represent proper subsets of C(G) instead of the usual set C(G): For a subset S of C(G), a cactus representation for S represents every min-cut in S by some min-cut of a cactus graph, but not necessarily all such min-cuts (see the next section for a precise definition). In particular, a cactus representation for C(G) is the usual cactus representation.
We will first show that a cactus representation for C(G) can be transformed to a cactus representation for N C(G) whose cactus graph has only O(n/δ) vertices (Theorem 1). We will then prove that simply contracting the vertex sets that correspond to the cactus vertices in the new cactus representation gives our main result, the sparsifier mentioned above (Theorem 2). Theorem 1. Given a simple graph G on n vertices and minimum degree δ, a cactus representation for C(G) can be transformed in linear time to a cactus representation for N C(G) whose cactus graph has O(n/δ) vertices. Theorem 2. Let G be a simple graph on n vertices, m edges and minimum degree δ. Then vertex sets of G can be computed and contracted in timeÕ(m) such that the remaining multigraph has O(n/δ) vertices, O(n) edges and preserves all non-trivial min-cuts of G.
Kawarabayashi and Thorup showed that every connected simple graph has O((n 2 log c n)/δ 2 ) non-trivial minimum cuts for some constant c [7, Corollary 4] . This follows directly from the well-known result in [1] that the number of minimum cuts in any connected graph H is at most O(|V (H)| 2 ), when taking H as the sparsified graph. Hence, Theorem 2 implies the following fundamental new bound.
Corollary 3. Every connected simple graph G has O((n/δ) 2 ) many non-trivial min-cuts.
We will show in Section 3.3 that Theorems 1+2 and also Corollary 3 are asymptotically optimal from various perspectives; all of them improve the best known results so far strictly, whenever δ is superconstant.
Technical Overview
We will use a variant of the well-known cactus representation that is restricted to non-trivial min-cuts to find the vertex sets that have to be contracted. This cactus representation can simply be derived (in linear time) from any standard cactus representation that represents all min-cuts.
Since Kawarabayashi and Thorup showed that the standard cactus representation can be found deterministically in near-linear time [6] (alternatively, one may use the randomized Monte-Carlo algorithm in [5] ), this gives a deterministic near-linear running timeÕ(m) to find the vertex sets to be contracted.
Preliminaries
All graphs considered in this paper are non-empty, finite, unweighted and undirected. Let G := (V, E) be a graph. Contracting a vertex subset X ⊆ V identifies all vertices in X and deletes occurring self-loops but no parallel edges (we do not require that X induces a connected graph in G).
For non-empty and disjoint vertex subsets
Let the length and size of a path be the number of its edges and vertices, respectively; a k-cycle
We omit subscripts whenever the graph is clear from the context. We call a multigraph K a cactus if it is 2-edge-connected, contains no self-loops, and each edge in K belongs to exactly one cycle (which may be of length 2, that is, a pair of parallel edges). In other words, all blocks of K are cycles. This way, an edge cut in K is a min-cut if and only if it is consists of two edges from a cycle in K. Note that the requirement of 2-edge-connectivity is not a restriction, as bridges in a cactus (which are sometimes allowed for the special case that λ is odd) may always be doubled.
A cactus representation (K, ϕ) of G consists of a cactus K and a mapping ϕ from V (G) to V (K).
consists of exactly one vertex of G, and a k-junction if v is contained in exactly k cycles of K. It has been proven by Dinits et al. [1] that every graph G admits a cactus representation for C(G).
Contraction-Based Sparsification
Let G := (V, E) be a simple graph and S ⊆ C(G). Call a cactus representation (K, ϕ) of G for S minimal if no smaller cactus representation for S can be obtained by contracting an edge of K. The following basic lemmas consider minimal cactus representations (K, ϕ) of G for S. Proof. If v is an empty 2-junction that is contained in a 2-cycle and one other cycle, then we can obtain a smaller cactus representation of G for S by contracting the 2-cycle that contains v. This contradicts the minimality of (K, ϕ).
For a vertex v of a cycle C in K and its two incident edges e and f in C, let K[C, v] be the component of K − e − f that contains v. Lemma 5. Let u and v be neighbors in a cycle C of length at least three in K. Then G has exactly λ/2 edges between ϕ −1 (K[C, u]) and ϕ −1 (K[C, v]); in particular, λ is even. v] ) and X 3 := V − X 1 − X 2 . As (K, ϕ) is a cactus representation, X 1 , X 2 and X 3 are min-cuts in G, respectively. This implies that d(X 1 ,
Then no cycle in K contains two adjacent 1-junction singletons. In particular, at most half of the vertices of every cycle in K are 1-junction singletons.
Proof. Assume to the contrary that {v} ⊆ V and {w} ⊆ V are the preimages of two adjacent 1-junction singletons of a k-cycle in K (for some k ≥ 2). In particular, v has degree λ in G, as it is the preimage of a singleton. This implies λ = δ ≥ 3, as there is no 1-junction singleton when λ < δ.
If k = 2, K and thus also G contains exactly two vertices, which contradicts λ ≥ 3, as G is simple. Otherwise, k ≥ 3 and G contains exactly λ/2 > 1 parallel edges between v and w by Lemma 5, which contradicts that G is simple.
Proofs of Theorems 1 and 2
Now let (K, ϕ) be a minimal cactus representation of G for the set C(G) of all min-cuts and consider the following two simple modifications.
(i) Contract any 2-cycle that consists of a 1-junction singleton v and another vertex a into a new vertex v , and map all vertices in ϕ −1 (v) and ϕ −1 (a) to v .
(ii) For any 3-cycle that contains a 1-junction singleton v and two other vertices a and b, delete the edge ab and add the edges av and bv.
By applying these to (K, ϕ) as long as possible, we obtain a cactus representation (K , ϕ ) (see Figure 1 ). Then (K , ϕ ) is a cactus representation for the set of all non-trivial min-cuts N C(G), as every application of Modification (i) and (ii) destroys precisely the trivial min-cut {v} (in particular, (ii) preserves the possibly non-trivial min-cuts that separate a and b). Thus, (K , ϕ ) represents a set of min-cuts R such that N C(G) ⊆ R ⊆ C(G).
By additionally contracting edges of K as long as possible such that all cuts in N C(G) are represented, we may further assume that (K , ϕ ) is minimal for N C(G). Algorithmically, this minimality can be obtained as follows: For every edge e of K whose contraction preserves the representation of all cuts in N C(G), the min-cut ϕ −1 (X) is trivial for every cut X of size two in K satisfying e ∈ E K (X, X). Since Modifications (i) and (ii) are not applicable in K , X or X contains an empty vertex; moreover, all vertices of X (or of X) are then empty except for one singleton. It therefore suffices to contract iteratively cactus edges with the above properties that are incident to empty vertices. Since every edge contraction and every application of Modification (i) decreases the number of cactus vertices by 1, and every application of Modification (ii) decreases the number of 3-cycles in the cactus by 1, (K , ϕ ) can be computed in a running time that is linear in the size of K.
Kawarabayashi and Thorup [6, Thm. 31] showed that a standard cactus representation can be found inÕ(m) time. We conclude that (K , ϕ ) can be computed inÕ(m) time.
In the remaining part of the paper, we will prove the following key lemma. Theorem 1 follows directly from Lemma 7, as we already observed that making K minimal and carrying out all modifications can be done efficiently.
Assuming Lemma 7, we can deduce Theorem 2 as follows. When we contract ϕ −1 (v) in G for each cactus vertex v of K , we obtain a graph with |V (K )| = O(n/δ) vertices. The graph has at most λ(|V (K )| − 1) = O(n) edges by the definition of cactus representations, as the edges in K can be covered by |V (K )| − 1 many uncrossing min-cuts (each of size 2) and, consequently, the edges in G that are not contracted can be covered by |V (K )| − 1 many min-cuts (each of size λ). Since (K , ϕ ) is a cactus representation for N C(G), all non-trivial min-cuts are preserved after the contractions. This completes the proof of Theorem 2, and it only remains to prove Lemma 7.
Proof of Lemma 7
We may assume that δ > 6, for otherwise, there is nothing to prove. In order to count the number of vertices of K , we consider a tree that reflects the cactus structure in a natural way.
Given a cactus, a xylem of the cactus is a tree that contains all cactus vertices plus one additional center vertex for every cycle in the cactus, and has an edge between two vertices v and c if and only if v is a cactus vertex and c a center vertex such that v is contained in the cycle represented by c (see Figure 1 ). Note that the original edges of the cactus are not part of the xylem and that the xylem is indeed a tree, because the blocks of every cactus are its cycles and the blocks of every connected graph form a tree structure (the so-called block-cut tree). Since all cactus cycles have length at least two, the leaves of the xylem are exactly the 1-junction vertices of the cactus, that is, the vertices of the cactus that appear in only one cycle. In order to prove the claim, we will prove the slightly stronger statement that the xylem X of K has O(n/δ) vertices.
Let X be the tree obtained from X by deleting every vertex that is a 1-junction singleton in K ; note that X has still all 1-junction non-singletons as leaves. By Lemma 6, at most half of the vertices of every cycle in K are 1-junction singletons. Hence, the leaf pruning reduces the number of vertices by at most factor two, and for the remainder it suffices to prove that X has O(n/δ) vertices.
We next argue that the leaf pruning in X does no create any new leaves.
Lemma 8. The set of leaves in X is the set of 1-junction non-singletons in K .
Proof. It suffices to show that no center vertex of K is a leaf in X . Consider any k-cycle A in K and let v be the center vertex that corresponds to that cycle. If k = 2, A does not contain a 1-junction singleton by Modification (i), so that v is not a leaf. Otherwise, k ≥ 3. By Lemma 6, A contains at least two vertices that are not 1-junction singletons, so that v is not a leaf.
Consider any leaf l in X . By Lemma 8, l is a 1-junction vertex in K and |ϕ −1 (l)| > 1. By the definition of cactus representations, ϕ −1 (l) is a min-cut of K of size λ ≤ δ. Since G is simple, this implies |ϕ −1 (l)| ≥ δ by a well-known lemma (see e.g. the proof of [7, Obs. 5] ).
Thus, X contains at most O(n/δ) leaves, and the fact that X is a tree implies in turn that X contains at most O(n/δ) vertices of degree at least three. It remains to show that X contains O(n/δ) vertices of degree two.
To see this, observe that X is bipartite and every path is alternating between cactus vertices and center vertices. Consider any path c 1 , v 2 , c 2 , v 3 , c 3 , v 4 , c 4 of length six in X , where c i for every i = 1, . . . , 4 is a center vertex and all internal vertices v 2 , c 2 , v 3 , c 3 , v 4 are of degree two in X . For i = 1, . . . , 4, let C i be the cactus cycle in K that has the center vertex c i . For i = 2, 3, 4, C i−1 and C i are the two only cycles that contain v i in K , since v i has degree two in X (and also in X ). Our assumption δ > 6 together with Lemma 6 imply that C i is a k-cycle with 2 ≤ k ≤ 4 for i = 2, 3, as c i is of degree two in X and amongst its neighbors in X there are at most two 1-junction singletons to be deleted when constructing X from X . Furthermore, it is actually either a 2-cycle or a 4-cycle, since Modification (ii) ensures that no 3-cycle in K contains a 1-junction singleton.
Let W be the non-empty (by the existence of min-cuts) set of all vertices of G that are mapped to a vertex in V (C 2 ) ∪ V (C 3 ) by ϕ . Then W is separated from V − W = ∅ by two min-cuts of G, one of which is represented by the two edges incident to v 2 in C 1 while the other is represented by the two edges incident to v 4 in C 4 . Thus, at most 2λ edges leave W in G. As G is simple, we have |W |(δ − |W | + 1) ≤ 2λ ≤ 2δ. Together with the assumption δ > 6, this implies that if W has at least three vertices, W has Ω(δ) vertices.
We next argue that |W | ≥ 3, so that this Ω(δ) lower bound is effective. Consider the cycle C i (i = 2, 3). If C i is a 2-cycle, then both v i and v i+1 are non-empty by Lemma 4. If C i is a 4-cycle, then C i contains two non-empty 1-junction singletons that are different from v i and v i+1 . Thus, in every case, V (C 2 ) ∪ V (C 3 ) contains at least three non-empty cactus vertices, which implies |W | ≥ 3. We conclude that |W | = Ω(δ).
A path in X is called lean if every vertex of it has degree two. By the last paragraph, X contains O(n/δ) leaves, O(n/δ) vertices of degree at least three, and O(n/δ) maximal lean paths (they altogether partition the vertex set of X ). We cut each maximal lean path into vertex-disjoint lean subpaths of length four, plus a potential remainder of a lean subpath of length less than four. Since every lean path of length four plus the two vertices adjacent to its ends form a path of length six as defined above, at least Ω(δ) vertices of G are mapped by ϕ to the vertices of every lean path of length four. Therefore, the number of these paths of length four is O(n/δ). Since the number of the remainder paths of length less than four is at most that of the maximal lean paths, that is, O(n/δ), we conclude that X and thus K have O(n/δ) vertices.
Tightness
Let n ≥ 3(δ + 1), δ ≥ 2, λ ≤ δ/2 be an even positive integer, and assume that n is a multiple of δ + 1 (the last assumption can be avoided by a simple modification of the construction). Set r := n/(δ + 1). Let G := ({v i,j : 1 ≤ i ≤ r, 1 ≤ j ≤ δ + 1}, E 1 ∪ E 2 ), where E 1 := r i=1 {v i,j v i,k : 1 ≤ j < k ≤ δ + 1} and E 2 := λ/2 j=1 {v i,j v i+1,j : 1 ≤ i ≤ r} (we set v r+1,j := v 1,j for all 1 ≤ j ≤ δ + 1). That is, G is r copies of K δ+1 linked by λ/2 vertex-disjoint cycles of length r, with minimum degree δ and edge-connectivity λ. It is clear that G shows tightness of Theorem 2 and Corollary 3.
The assumption of connectedness in Corollary 3 is (not only technically) necessary, as shown by the graph having n/(δ + 1) disjoint cliques K δ+1 , which has exponentially many non-trivial min-cuts if we fix δ.
